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Abstract

We outline programs written in Mathematica 4.1 to ewaluate de nite in-
tegrals of rational functions of low degree. This corrects the shortcomings of
Mathematica 4.1, specially in casesof complexroots. The programsare based
on the method of partial fractions and analyzethe roots of the integrand. The
dynamics of the roots of degreesix under the Landen transformation is ana-
lyzed: it is conjectured that in the caseof complexroots, the triangle formed
by theseroots is asymptotically equilateral.

1 Intro duction

Integrals of rational functions are often ewvaluated using the decomposition of the

integrandinto partial fractions. The caseof integrandsof low degreecan be expressed
explicitly in terms of the roots of the denominator. We obtain closed-formexpressions
for speci c casescorrespnding to even integrals of rational functions of degreesix

and degreeeight. Thesecaseshave played an important role in the theory of Landen

transformations. We only considercaseswherethe integrals are evaluated from zero

to in nit y. The generalcasecan be reducedto this by a simple change of variable:

considerthe integral, Z,

F (x) dx

a
whereF is arational function. Then, the changeof variablest = {2 canbe inverted

to producex = 2% and the limits of integration becomet = 0, from x = a and
t=1 fromx = b The nal form of the transformed integral is

Zy Z,
a+ bt b a
aF(x)dx— . F —] (t+1)2dt'
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Therefore, any de nite integral can be evaluated on the interval, [0;1 ). Moreover,
in our caseof interest, the new integrand is againrational. For example:

Z2x2+x+1 Z 1 Tt2+ ot + 3

—dx = dt:
I o 1It%+ 313+ 332+ 160 + 3

In this project we use the classicalformulas for roots of a cubic and quartic
polynomialsto write a Mathematica program to evaluate an integral of the form

Z
oo+ dx2+ e

o Xf+axt+ b+ 1

le =

in terms of the parametersf a; b; c; d; eg. Mathematica cannotintegrate | ¢ whenthe
parametersa;b;c;d; and e are not given speci ¢ values.

The value of this integral, and therefore our program, is determined by the dis-
criminant curve,

R(a;b) = 42+ 45 18b a’tP+ 27= O

This curve determinesthe nature of the roots of the cubic t® + at?> + bt+ 1= 0, soit
determinesthe di erent casesnvolved in integrating the rational function of degree
six appearingin |. The graph of the resohert curve alsodeterminesthe valuesof a
and b for which the integral corverges.In addition, the discriminart function R(a;b)
aidsin the determination of the methods requiredto obtain a closed-formexpression
of | 6-

A similar processis usedin the dewlopmern of a program for the ewvaluation of
integrals of the form

YA 1

| dxb+ ext+ fx2+ g
g =

o X8+ axb+ bxt+cx?+ 1

in terms of the parametersfa; b;c; d; e; f; gg. One of the di erences with the rst
programis that herewe do not computea correspnding discriminant surface( in the
parametersa; b; c) to determine the nature of the roots. The addition of this extra
feature is part of our future work. We have useda numerical approximation of the
roots to determinethe di erent cases.The programthen computesthe correspnding
integralsof the parts in the partial fraction decompsition in terms of the exactroots.

Landentransformationsweredeweloped by Landenin the 18" certury in his study
of elliptic integrals. A similar theory for the caseof rational integrandshas beende-
velopedrecerly by G. Borosand V. Moll. The Landentransformation of degreesix,
givesa transformation of the parametersin the integral I s and producesa new inte-
gral of the sametype, with the samevalue. We considervaluesof a and b such that
the roots of the correspnding cubic t®+ at?+ bt+ 1 = 0 arein the case:onereal and
a complex conjugate pair. We shav that the Landen transformation presenesthis
caseand we study the dynamical behavior of the triangle formed by the three roots.
We let the real part of the roots be the x-value of the point and the imaginary part
the y-value. Depending on the nature of the roots, we seea graph of three points
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that when connectedmake up a straight line or a triangle. Applying the Landen
transformation se\eral times we obtain a sequenceof triangles. We conjecture that
in the limit thesetriangles convergeto an equilateral one.

2 Partial Fractions Decomp osition

Partial fractions decomposition is a classicaltechnique usedto ewaluate integrals of
rational functions,

Z z
_ U PF) T Ppox™+ pux™ T+ 4+ p X+ P
2 g . X"t o T+ 4G Xt G
The method requirestwo main conditions:

1. The degreeof f (x) must be lessthan that of the degreeof g(x). This condition
canbe satis ed by simply dividing f (x) by g(x) and consideringthe remainder.

2. The factors of g(x) must be known. This is a problemwhenthe parametersare
unknown and it restricts the typesof rational functions that can be integrated
explicitly.

For instance, considerthe integral
! dx

| = ——
o X4+ 32+ 2

1)
This integral can be evaluated by separatingthe integrand in partial fractions, using
x4+ 3x2+ 2= (x?+ 2)(x?+ 1), in the form

! A B

+

0o X?+2 x2+1
where A and B are undetermined coe cien ts. The coe cien ts can be obtained as
A= 1landB = 1 by avariety of methods. Replacingthesevaluesin (2) we have:

b odx bodx
0 X2+2 5 X2+ 1

dx (2)

In summary: by partial fractions decomposition, the integration of (1) is reducedto
a seriesof simpler problems. The examplepreserted here becomes
b dx s bodx
0 X2+ 2 o x2+ 1

.y ..-2 2

- 2"z 2 4
Mathematica can do this partial fractions decomposition with the Apart command.
and it can ewaluate this exampleswith the commandintegrate . The examplespre-

serted in the next sectionswill shav that this commandstill hasdi culties producing
correct answers.
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3 The Case of Degree Six

The rst exampleconsideredhereis the integral

Loex*+dx+e

o = o X8+ axt+ b2 + 1 ®)
cortaining a; b;c;d; and e asparameters. The presenceof arbitrary parametersmakes
it dicult to ewaluate this integral by traditional methods. Howeer, the polynomial
in the denominator can be seenas a cubic denominatorin x2. Becauseof this, we
can usethe classicalformulas of Cardanoand Tataglia to obtain analytic expressions
for the rots. These formula are part of Mathematica. Then by partial fractions
decompsition, the cubic can be separatedinto separatepiecesdetermined by the
roots.

3.1 The roots of the associated cubic

The ewaluation of |¢ requiresthe roots of the polynomial, t* + at> + bt+ 1 = 0.
Theseroots can be solved by radicals and they are expressedB E%rms of R(a;b) =
4a%+ 4 18b a’’+ 27and S(ajb) = 27 2a®+ 9ab+ 3 3 R(a;b) as

23(a? 3b) 2aS(a;b)=+ (2S(a;h)Z3

rh = 6S(a; )13 )
Lo 2R+ 3@ 3 4aS@b= i+ P es(ain)?

2 = 12S(a; b 1=3

r 2+ 3)@ 3 4aS@B'® i i+ IES(@h)>

3 = 12S(a; b)t=3

Now that the roots have befnobtained, the integral | ¢ can be written as:
1 4 2
cxX*+ dxc+ e
le = 5 5 5 dx: (5)
o (X r{)(x ra)(x rs)

We begin consideringthe issueof convergence.

Prop osition 1. The integral 1¢ convelgesif and only if there are no real positive
roots.

Pr oof. Assumethat there is a real positive root, say r;. Then the partial
fractions decompsition of the integrand cortains the term 1=(x?> r;) and this term
has a divergen integral. The corverseis similar.

We now study the nature of the roots in terms of the discriminant curve

R(a;b) = 4+ 48 18b a’? + 27= O (6)

See[5] for details. The ewaluation of 14 requiresthe consideration of three cases:
R(a;b);

1. R(a;b) < 0 yields three real distinct roots.

2. R(a;b) = 0yields three real roots, but at leasttwo are repeated.

3. R(a;b) > 0 yields onereal root and one pair of complexconjugateroots.
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3.2 Evaluating the Integral, Ig

As stated in Section3.1the discriminant curve (6) determinesthe nature of the roots
of the ass@iated cubic polynomial. This yields four casesto considerdue to the
nature of the integralsthat appear from the partial fraction decomgosition.

3.2.1 Three Distinct Real Roots

Case 1 If R(a;b) < Oweobtain threedistinct real roots and thesemust be negative.
The method of partial fractions yields

Z, z z
dx bodx bodx
le= F > + G > + H > (7)
o X I o X ) o X I3
whereF = _&fdnren o ede o anqp o e dn af1q aalyate these
) (ra ra)(ra rs)’ p_(fl ra)(ra ra)’ o (roors)(rs r2)”
integralswe scaleby x =t~ " r; for1 j 3. This yields
Z Z Z
=P tod G TP odt H TPodt
T, 241 T 241 T 13 o 241
The evaluation of this caseof | s requiresthe useof Wallis' formula [3],
Z 1
dx 2m
Jom = = (8)

0 (X2 + 1)m+l 22m+l m

wherem 2 N we obtain

le = Fp—+ Gp——+ H p—:
6 2" T, 2", 71,

This is an explicit formula for 14 in the caseof real roots.

3.2.2 Three real roots, at least two rep eated

In the caseR(a;b) = 0, we arrangethe roots to ensurethat r; = r,. This cortains
two sub-casesr; =r, 6 rzandr; =r, = rs.

Subcase 2 We rst examinethe sub-caser; = r, 6 r3. The formulas dewloped

above have to be modi ed. Indeed, obsene that in

Z Z Z
L Fdx . ' Gdx .\ 1 Hdx
o X% 11 0 X2 13 0 X% I3

le =

asry! rp, both F;G! 1 . Weremedythis by combining F and G. In the limit as
ry! r, weobtain:
YA 1

Z 1 VA 1
6= (F + ) FrovGr) o ovn %)
0 0

(X2 ry)? 0o X2 I3

x2 dx
(X2 rp)?

and in this limit
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— drag+c(rirg riro+rorg) — e(ritrp r3)+drirp+crirarg
+ G= &9 + =
F+G (r2 r3)(r1 rs) and Fra + Gry (ra r3)(rz2 ra)

LetK, = F+GandK, = Fr,+ Gr;. Usingpatrtial fractions decompsition and using
Wallis' formula (8), the integralsin (9) can be evaluated in closedform to produce

K1 K. H

[a)

S— R
r.  4( ry) 2 rs

le = P

Subcase 3 For the casethat r; = r, = rz we know that all the roots must be equal
to 1. This is obviousfrom the expansion(x? ri)(x2 ry)(x? r3) = x8+ax*+bx2+1
and comparing constart terms. The integral is now

= 21 o0t e e
Ty, (PIP z
L x4dx 1 x2dx ! dx

o —— + ————+te —
o (x2+1)3 o (xX2+1)3 o (x2+1)3
Eadh of theseintegrals can be evaluated by Wallis' formulas to produce

lg = 1—6(3c+ d+ 3e):

3.2.3 One Real Root, One Complex Conjugate Pair

Case 2 ThecaseR(a;b) > 0correspndsto onerealroot and onecomplexconjugate
pair. We arrangethe roots sothat r; 2 R andr;; r3 2 C. The closedform for the
integral 1¢ will make use of this ordering. Sincer;; r3 2 C, the terms in (7) that
cortain the complex conjugate roots needto be combined so that the imaginary
parts of the complexroots will cancelout. LetL; = G+ H,L,= (Hr,+ Grj3), and
write the complexroots in the formr, = A+ Bi andrz; = A Bi. Then the previous
ewvaluation of | ¢ yields:

Z Z Z
1 dx L X2 dx ! dx
le = F 2 + Ly 2 2 + Lo 2 2
2o X N 20 (X2 ra)(x2 ra) o (X2 ra)(xz r3)
- bodx il ! x2 dx .
» X2 1 ! o X4 (ra+r3)x?+rors
1
dx
Lo

o X+ (ra+r3)x2+rar3

We factor out r,rz and obtain a monic polynomial in trr)le denominator and then
scaling the integrals with coe cients L; and L, by x = t%T,rz, the integral 15 be-
comes:

Z Z Z
L= E b odx Lokt ! t2 dt L Lo ! dt
6= — = :
0 X2 rq t lars ¢ t4 52:'2_:2 t+ 1 (r2r3)3—4 0o t4 EZ:Z_E t+ 1
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We apply Wallis' formula (8) to the integral with coe Bien t F after factoring out
r,t. The integral with coecient L; is scaledby x =t~ r;. The two remaining
integrals conbine to appearin the form of a Nj.4(a; m), de ned by

Z 1 x3 dx

(x4 + 2ax2+ 1)m+1”

Nj.a(a;m) =

Theseintegrals were consideredin [2]. We obtain

F L1 r2+r3_ L2 ro + s,
; p—1 N2 0;4 —
Mars 2" Tar3 (rarg)® 2" Tar3

0

We alsoemploy the symmetric rule [2]
Nj.a(@;m) = Nomsr j.a(a;m) (10)

to seethat two quartic integrals are the same: N1.4(a;0) = No4(a;0). The value of
theseintegrals are givenin [2] as

No.a(a;m) = 27(3"' 1) ™ Py (a): (11)

m+3 =2

The special casePy(a) = 1 yields

1=2

F Ll Mo+ rj 1=2 L2

3.3 Conclusion

The ewaluation of an integral of degreesix conains seweral many casesbasedon
the di erent typesof the roots of the assaiated cubic polynomial t3 + at? + bt+ 1.
The method of partial fractions yields simpler integrals that can be given closed-
forms employing Wallis' formula and the N -formulas given by Boros-Moll. We have
obtained a closed-formexpressiongor | . Thesecasesare described in the individual
functions usedin a program for Mathematica for Is. This program gives a correct
evaluation of the integral | .

4 Triangles

The denominator of the integral 1 consideredabove is a cubic polynomial in the
variable x2. The roots are denoted by r; r, and r; and these are functions of the
parametersa and b. Theseroots yield the discriminant function R(a;b) by

R(@b) = ( 1%(r1 ra)(ra ra)(ri ra)*

The relation R(a;b) = 0 yields an implicit curve on the (a;b) plane which we call
the discriminant curve.
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Figure 1: Discriminant/Resolvert Curve of a Cubic Equation

This curve consistsof two separatebranches. The rst oneis located in the rst
guadrart and it hasa cuspat (3;3). We call this branch R, . The secondbranch is
in the remaining three quadrarts and cortains the point ( 1; 1). ThisiscalledR .
We have already seenthat the sign of R(a;b) determinesthe nature of the roots.

We now plot the roots on the complexplane. When we take valuesof (a;b) sud
that R(a;b) = 0, there are three real roots, at least two repeat and the graph of the
roots are a line. If we take valuesof (a;b) that are in the region betweenthe two
branchesof the discriminant curve we have R(a;b) > 0. This yields onereal root and
oneconjugatepair and the graph of theseroots is an isosceledriangle.

04

02

.2

04

Figure 2: Graph of the roots whereR(a;b) > 0

If the valuesof (a;b) are out of this regionwe get R(a;b) < 0 which yields three
real roots and the graphis a line.

We are going to analyzethe casewhen R(a;b) > 0 and the triangles that are
formed by the roots. First we needto introducethe conceptof a Landentransforma-
tions that will be usedto modify theseroots.

4.1 Landen Transformations

The Landentransformation of a rational function is a transformation that presenes
its integral. It has been establishedthat a Landen transformation exists for the
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integral
cx*+ dx?+ e

o X8+ axt+ b+ 1 X
Boros and Moll establishedthat |¢ is invariant under the transformation

le =

ab+ 5a+ 5b+ 9

U T @+ b+ 2
a+ b+ 6
"7 (v br 2=
o c+d+e
(a+ b+ 2)=3
4 = (b+ 3)c+ 2d+ (a+ e
v a+ b+ 2
o = c+te
! (a+ b+ 2)1="
That is Z1 o+ dx?+ e dx = Z1 o XA+ dix2+ e dx:
o X8+ axt+ b+ 1 o X8+ amx4+ bpx2+ 1

Note that the transfromation of (a;b) dependonly on thesevariables. We consider
an initial value with R(a;b) > 0 and apply the transformation to to obtain (as; b):
The roots of the cubic equationwith the newvalues(a;; by) alsoform atriangle. This
follows directly from the fact that R(a;b) and R(a;; b,) have the samesign.

4.2 Graphs of the Roots

The graphsof the roots of the cubic equationwhenR(a;b) > 0 areisoscelegriangles,
as we can seein Figure 2. After applying the transformation to the initial value
and plotting the newroots of the equation using (a;; ), we obtain another isosceles
triangle.

Example 1. Weuse( 4;5) asthe initial valueof (a;b) and apply the transformation
three times.

It is known that whenR(a;b) > 0the sequencda,.; ; +1) corvergesto the point
(3; 3). Thereforethe roots of the cubic equation corvergeto ( 1;0).

We studied the anglesof thesetriangles. The horizontal axis is the number of
times that we apply the Landen Transformations. The vertical axesis the measureor
the certral anglein radians. We obsened that this graph is asymptotic to the value

=3. This results persistswith many other initial conditions.

Conjecture 1. Asn! 1, the triangle will becomeequilateral.
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Figure 3: Graph of the roots with initial valuesa= 4;b=5;andn =4

5 The Case of Degree Eight

In this sectionwe considerthe closed-formevaluation of the integral

Zl
_ dx®+ ext+ fx?+ g _
e = o X8+ axé+ bxt+ cx2+ 1 9% (12)

The presenceof parametersforbids the evaluation of this integral by traditional meth-
ods. As in the caseof degreesix, the polynomial in the denominator is a quartic
polynomial in x2. The roots of this equation again be expressedn analytic form.
The method of partial fractions and a discussionof the nature of the roots yields the
value of 1g. The quartic polynomial yields many more casesthan the previous one.
Thesecasesyields di erent typesof integrals that can be evaluated in terms of the
roots.

5.1 Prop erties of the Integral, Ig

As with the integral 14, the ewvaluation of | g requiresthe roots of the scaledquartic
t*+ at®+ bt? + 1= 0. This can be donedirectly by Mathematica. Theseroots may
be expressedn terms of certain functions of the parameters:let

= 273> 720+ 20 Qabc+ 27¢% +
412+ ? 3a03+ (272 720+ 208 Oabc+ 27c%)2

2312+ ¥ 3a0) e
2 5=3 1=3
3a° 8b+ = + 2

23012+ ¥ 3a0 4+ 2 18

1=3
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Figure 4: Graph of the anglesof the triangles

3p 3(a® _ 4ab+ 80)
r-l pr— .

Then the roots are:

rl:liz 3a p(_S p3a2 8b+ p3_
rzzliz 3a+p(_3 Io?}a2 8b+ p3_
r3:1i2 3a pE_S IO3a2 8b p3_
r4:1i2 3a+p6 IO3a2 8b p3_ :
The integral I g can now be written in terms of the roots:
Z 1

dxb+ ext+ fx2+ g
o (X2 r)(X2 r)(x2 r3)(x2  ra)

As in the previouscasetheseroots cannotbe positive must be negative for the integral
to corverge. The proof is similar to that presertied in Section3.1

lg =

dx: (13)

5.2 Evaluating the Integral, Ig

In the caseof degreeeight, there are three main casesto consider. The caseof four
real roots, two real roots and one complex conjugate pair, and four complexroots.
Eadh of this requiresa separatemethod of integration.
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5.2.1 Four Real Roots

The rst caseis that of four real roots. The roots are arrangedasr ;

) I3 l4.

The possibility of repeatedroots yields many subcaseso consider. We now descrile

all the possibilities.

Case 1 First considerr; = r, = r3 < ry. Then the integral | g is:

By partial fractionsdecompsition, with

_ grdri+fry 3drirg+erd+3drars

|8:
o (X2 rp)3(x?

ra)

g+fri+er+drd

L1 gxo+ ext+ fx2+ 9 4

_ g er? 2dr3+fra+2erira+3driry

g fra er?

(r1 rg)3

, and

3
dry

(r1 rg)3

r1 ra

(r1 ra)?

, We obtain

Z
Lg+fri+er?+de dx + Lg er? 2drd+ fry+ 2erry+ 3driry

o (ri ra(xz ry)? 0 (ri ,ra)3(x? ry)?
1 3 2 2 2 1 2 3
g+ dri+fry 3d3r1r24 + erg+ 3dryrg dx + g fry ! er; dry dx
0 (ro ra)3(x2 rq) 0 (1 ra)3(x ra)
This yields
Z Z Z Z
. b dx . b dx \ bodx . bodx
° o (X2 ry)3 o (X2 r11)? 0o X2 11 o X2 r4

By factoring out the roots and scalingthe integrals by x = tIo rporx-= tp r4to
get monic polynomials, we apply Wallis' formula (8) and nd the closedform of the

integral:

3 _
16

4

| o =
8 2

5

Note . The other possiblecaseof three repeatedrootsr; < r, = r3 = ry is treated in

a similar form.

Case 2 The next caseto considerisry; = r, < r3 < r4. This correspndsto one
repeatedroot and two other distinct roots. Partial fraction decomposition is usedon

| g to obtain

1 g+ fri+er?+ dr? dy
20 (ro ra)(ra ra)(ra ra)(x2 ry)
1 2 2
g+ fro+ ers+ drs dx
70 (ro ra)(r2 ra)(rz  ra)(x2 ry)
1 2 2
g+ frag+ erg+ drg dx
20 (ra r3)(rs ra)(rs ra)(x® rs)
1 2 2
g+ fry+erg+ drg dx:
o (r ra)(ra ra)(ra ra)(x2 rg)
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_ g+fri+er?+drd _ g fro er dr3 _ g frzg er dr$
Let J (ra rz)(2r1 f33)(f1 rq)’ T (r1 r2)(rz2 ra)(rz ra)’ T (r1 ra)(ra r2)(rs ra)’ and
_ g frq ery dr} . .
M = et oca - This gives,
Z Z Z Z
b dx b dx b dx b dx
lg=3 o +K —— 4L o+ M . (14)
o X r o X M o X s o X M4

SinceJ;K'! 1 asr;! ry,, J andK canbe combined to factor out r; r,. Taking
the limit of the integralsasr,! r; gives:

X2 dx dx
lg = (J+K Fro+ G AR
b dx b dx
L 5 + M 5
o X I3 o X° TIq

Now let P, = J + K and P, = Jr, + Kry, to we get the closed-formformula:
Py P, L M

+ P

— + P
47 4 r)¥ 21, 20

lg =

Note . The other casesliker; < r, = r3 < rq and others are treated in similar form.

Case 3 Next we examinethe caser; = r, < rz = r4. This correspndsto two pairs
of repeatedroots. Again, the terms J; K andL; M must be conmbined to remove their
respective problematic terms, r;  rp andrz r4. Taking limits asasr, ! ry; and
rs! rs, the integral becomes:

P1 P2 . P Ps .
47710 () T s (1)

lg =

Case 4 We now considerthe caser, = r, = r3 = r4. Hererather than using the
partial fractions decompmsition (14), note that the denominatoris (x? + 1)*. This
yields the value

| = 5d N e N f N g _
®T32( ry)2 T 32( )32 32( ry)52  32( )7

Case 5 The nal caseof real rootsisr; < ro < rz3 < rs where all the roots
are distinct. We factor out ( r;) ! and scalethe integralsby x = t" " r;, where
1 j 4. UsingWallis' formula gives:

|—|r\:J +nK +nL .|.r|yI .
8o 2", 2 2,

5.2.2 Two Real Roots, One Complex Conjugate Pair

We now considerthe caseof two real roots and one complex conjugate pair. We
arrangethe roots sothat rq; r, 2 R andrs;rs 2 C wherewe write r3 = A+ Bi and
r,= A Bi.
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Case 6 First considerthe caser; = r,. In the partial fractions decomposition (14)
we must conbine the rst two integrals to remove the singularterm r;  r,. In
addition, the latter two integrals must be conbined sothat the imaginary terms will
cancelout. Taking the limit asr, ! r; yields:
Z Z Z
b x2dx 1 dx 1 x2 dx
lg = P1 ~7 s P2 w2t Ps 2 2
20 (X2 T1) o (X2 1) o (X2 r3)(x% ry)
! dx _
o (X2 r3)(x2 ry)’

Factor out (rsrs) ! in the last two term, use Wallis' formula in the rst two terms
and the formula for No.4(a; 0) in the last two terms to obtain the closed-formformula:

Pe

| = P1 P2 +nP5 N r3+ ry. Pe N r3+r4_0
TP = R 0 P (o= % P

Case 7 Wenow considerry 6 r,. Hereonly the integrals of the complexroots need
to be combined. The resulting integral is:

Zl 2
dx ‘K dx + P X< dx

9 X2 rq 0 X2 13 o (X2 r3)(X2 ry)
1

Z,

o (X TR0 ra)

UseWallis' formula to evaluate the rst two integrals. Factor out (rsry) * from the
last two integrals and scalethe result by x = t" r3r, to useNg4(a; 0). The resulting
closed-formformula is:

I = nJ + r|\< + P5 N rs+ r4_ PG rs+ r4_
8 = — —— T 9——= Noy4 P & prem— ———== WNo4 P & premm—
2Iu 1 2P ) b I3lg 2 T3y (r3r4)3-4 2 T3y

5.2.3 Two Complex Conjugate Pairs

We now considerthe caseof all complexroots. Write the roots in complex pairs as
rr=A+Bi,r,=A Bi,r3=C+Di,andr,=C Di.

Case 8 Consider rst the casewhereall of the roots are distinct. Only the integrals
with the complexconjugateroots needto be combined. This will cancelthe imaginary
parts. The resulting integral is:

Z Z
= p ! x2 dx 5 ! dx .\
R L [ CC ) B (O O
1 X2 dx 1 dx
P P :
o (2 (2 ) ° o (2 ra)(x% 1)
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Simple algebraicmanipulations corvert theseintegralsinto N-form. The nal result
is:

| _ Pl N r+ro Pz N r1+r2_0 +
8 — p— 0;4 p—a 7 \N2=4 0;4 ’
‘Tl 27 i (rarz)3= AN TP’
P5 I‘3+ r4 P6 r3+ r4
p—— No — ————— Ny ——:0
4T3l 04 2 Tara (r3|’4)3:4 04 2 Talg

Case 9 The nal caseisr; = rz andr;, = ry. We write the integral as

21 e+ ex*+fx2+g

X:
o (X*  (rat rg)x2+rzry)?

lg =

First consideread separatepower of the numerator and then scaleto usethe formulas
for Nj.a(a; m). This yields:

d 3+ ry r3+ry
ls = ———= Naza P + ——— N4 —;1 +
(rarg)= 7 2" T3l (rarg)® ~ 2" T3y
f 3+ ry g 3+ 1y
———== N4 P § g ———= Noa =1
(rarg)® 2" T3l (rarg)™ 2" T3l

From the symmetric rule (10), we seethat Nz4(a; 1) = Noa(a; 1) and No4(a;1) =
N1.4(a;1). This producesthe closed-formformula:

o = d 3 3+ Iy
8 = - - —
(r3r4)1_4 o71=2 1 2r +ra =2 2" T3ry
rarg
© + f +
3=4 3=2 5=4 3=2

(rara) o7=2 1 ng;,i (rara) o7=2 1 Igtls

3l4 2" T3rg
g 3 rs+ Iy

[3ry)’= _ 3=2 2" Tar

( 3 4) 27_2 1 2r§:-3r_r44 34

5.3 Conclusion

We have written a Mathematica program that evaluates an ewven integral of degree
eight. The evaluation is divided into casesaccordingto the nature of the roots of an
assaiated quartic polynomial. The method of evaluation employs partial fractions
decomposition, Wallis' formula and the N -formulas of Boros and Moll. The program
correctly evaluateslg in terms of the parametersof the integrand.

6 Further Work

We plan to extend our researt to dewelop closed-formexpressiondor integrals with
polynomial denominatorsthat factor asproducts of the casesonsideredhere. A rst
stepin this researt is the considerationof the resolert for the quartic case.
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